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Linear Disturbances in Hypersonic, Chemically Reacting
Shock Layers

Greg Stuckert™ and Helen L. Reed}
Arizona State University, Tempe, Arizona 85281

The effects of equilibrium- and nonequilibrium-air chemical reactions on the linear stability of a Mach 25, 10-
deg half-angle sharp-cone shock layer are investigated. First, the basic state is computed using the parabolized
Navier-Stokes equations with a shock-fitting scheme. This eliminates spurious numerical oscillations that could
adversely affect the stability analysis. Spatial stability analyses are then described for three different approxima-
tions of the physics: perfect gas, air in local chemical equilibrium, and air in chemical nonequilibrium. It is shown
in both the equilibrium- and nonequilibrium-air calculations that the second mode of Mack is shifted to lower
frequencies. This is attributed to the increase in the size of the region of relative supersonic flow due to the lower
speeds of sound in the relatively cooler boundary layers. Finally, in the equilibrium air calculations, modes that
travel supersonically relative to the inviscid region of the shock layer are shown to exist. These modes are a super-
position of incoming and outgoing disturbances whose magnitude oscillates with the distance normal to the wall
in the inviscid region of the shock layer. This oscillatory behavior is possible only because the shock standoff dis-

tance is finite.

Nomenclature
a = speed of sound (nondimensionalized by V)
c = phase speed of the disturbances (nondimensionalized by
Vo)
Cp = specific heat at constant pressure of the  gas mixture per
unit mass (nondimensionalized by R/
E, = total energy of the mlxture per unit volume

(nondimensionalized by p., R )
h = mixture enthalpy per unit mlxture mass
(nondimensionalized by X Tr/M)

b = enthalpy of species i per mole of species i
(nondimensionalized by R )

hs =(r+ycosg)”" (nond1men31onahzed by Liet)

}',» = molar ﬂux of species i (nondimensionalized by
Hm/Lref M )

k = mixture thermal conductivity (nondimensionalized by
WL (RTH)

Lret = reference length (dimensional)

M = Mach number (ratio of flow speed to sound speed)

M =molecular weight of the mixture (nondimensionalized by
the freestream value)

M, = molecular weight of species k (nondimensionalized
by M)

m = 0 for two-dimensional flow; 1 for ax1symmetr1c flow

P = mixture pressure (nondimensionalized by pm% TrIM)

p; = pamal pressure of species i (nondimensionalized by
PLR TS IMY)

q = heat flux (nondimensionalized by uwgi T [LeegM)

0 =yqU = ynhs(p, pu, pv, pw, E,, pop’

r = distance from the body axis to the surface
(nondimension-alized by L,); see Fig. 1

Re; = Reynolds number based on the length scale L ¢,
Po Ve Lret/ M.,

Re, = Reynolds number based on the length scale x*,
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R; = molar rate of production of species i

R* = universal gas constant, 8.3143 J/(gmole-K)

s(m; ag, by) = stretching function

= stress tensor (nondimensionalized by P, V.. /Lp)

= mixture temperature (nondimensionalized by 7..")

t = time (nondimensionalized by Lf/V.)

= vector of conservative dependent (state) variables,
ha(p, pu, pv, pw, E,, po)!

u = mass-averaged tangential velocity component
(nondimensionalized by V)

= magnitude of freestream velocity vector

v = mass-averaged body-normal velocity component
(nondimensionalized by V)

= spanwise (two-dimensional) or circumferential
(axisymmetric) velocity component (nondimen-
sionalized by V)

= arclength measured along a meridian (axisym-
metric) or in the surface along a line perpendicular to
the leading edge (two-dimensional) (nondimen-
sionalized by L); see Fig. 1

= distance measured along the coordinate normal
to the body surface (nondimensionalized by L .¢); see
Fig. 1

= distance of the critical point above the vehicle’s
surface (nondimensionalized by L)

=distance of the relative sonic point above the vehicle’s
surface (nondimensionalized by L)

z = spanwise distance (two-dimensional; nondimen-
sionalized by L.s) or angle measured circumfer-
entially around the body axis (axisymmetric); see
Fig. 1

= (complex) wave number in streamwise direction,
nondimensionalized with 8" unless otherwise noted

= wave number of the nth inviscid neutral disturbance
with phase speed equal to the tangential velocity
component at the generalized inflection point

= (real) wave number in the spanwise or circumferential
direction

= shock standoff distance (nondimensionalized
by Lref)

= boundary-layer length scale, x*/ Jk—é:c

= angle between body surface and body axis; see Fig. 1

= independent variable ranging along the coordinate
line perpendicular to the body surface from 0 at the
body to 1 at the bow shock
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1 = mixture viscosity (nondimensionalized by the freestream
value)

P = mixture mass density (nondimensionalized by the free-
stream value)

Pk = mass density of species “k” (nondimensionalized by p.,)

Oy = ratio of species “k” concentration to mixture mass

' density (nondimensionalized by 1/#)
o = angular frequency of the disturbance state

(nondimensionalized by V.. /8" unless otherwise noted)
A = molar quantity
- = based on velocity relative to that of mean flow

Subscripts (except where explicitly noted)

= amplitude function

= basic-state value

= disturbance value

= boundary-layer edge value

= inviscid part

= imaginary part of complex number
= real part of complex number

= evaluated at the generalized inflection point
= viscous part

= value at the wall (vehicle surface)

= preshock (freestream) reference state

g T qe Y~ ~n Qo

Superscripts (except where explicitly noted)
= evaluated at § station i
T = transpose
* . - .
= dimensional quantity

~.

I. Introduction
HE resurgence of interest in hypersonic flight in the early
1980s has driven researchers to model high-enthalpy flows
more accurately by accounting for chemical reactions in their com-
putational fluid dynamics (CFD) simulations. These simulations
are vital for design because of the difficulty of making detailed
measurements in such severe, high-temperature environments.

To accurately simulate the flow, however, they must also model
the transition of the flow from a laminar state to turbulence. This is
very difficult to do given our lack of knowledge about transition in
chemically reacting flows. Here we present some results of a theo-
retical/computational study of the linear, spatial growth of chemi-
cally reacting disturbances in a Mach 25 sharp-cone shock layer.
The growth of these small disturbances, as for incompressible
flows and supersonic flows, is thought to be the precursor of tran-
sition in the low-disturbance environment expected in flight.

Prior knowledge that we can draw on pertains to the high-Mach-
number, low-enthalpy flows of perfect gases. Here, a number of
researchers have contributed to our understanding.

Lees and Lin! studied the temporal growth of two-dimensional
inviscid disturbances in parallel, perfect-gas flows. (Analogous re-
sults for three-dimensional disturbances in a three-dimensional
boundary layer can be found using the “tilde” coordinate system
described by Mack.? This coordinate system is rotated so that the
“x direction coincides with that of the phase velocity.) Lees and
Lin classified the disturbances according to the disturbance phase
speed relative to the boundary-layer edge velocity:

Subsonic: .
* * *
u,,—C, <a,, (1a)
Sonic:
* * *
Upe=Cp = Qp, (lb)
Supersonic:
* * *
0, -t > al, (1c)

One of their most important results was that a neutral subsonic so-
lution will exist if and only if there is a generalized inflection point

y; in the boundary layer. A generalized inflection point i$ a point
in the flow profile where

) au;’;] -
« =0 2
3y*(pbay* : @

The proof that the presence of a generalized inflection point im-
plies the existence of a neutral solution requires that the local flow
velocity be subsonic throughout the boundary layer relative to the -
disturbance phase speed. In this case, the phase speed c; is equal
to the tangential velocity component at the generalized inflection
point y;. Moreover, the neutral solution will have a unique wave
number o.;. :

Mack? has subsequently shown that if a region exists within the
boundary layer where the local flow velocity is supersonic relative
to the phase speed, then there is not one discrete wave number but
an infinite set corresponding to ¢*. He has demonstrated this nu-
merically and also theoretically by describing the change in the
character of the linear inviscid stability equations when the local
flow Mach number relative to the phase speed becomes super-
sonic. Mack refers to these additional modes as the *‘higher sub-
sonic neutral modes” (Ref. 1, pp. 11.11~11.16) or “inflectional
neutral waves.”3 .

The inflectional neutral solutions have phase speed ¢* > u,, —
a,, because they are subsonic. At the same time; c* < u;, because
¢* = uy(y,) < u;,. In addition to the inflectional solutions, Mack?
has also found neutral subsonic solutions with phase speed ¢ such
that uy, + ay, 2 ¢ 2 uj,. Although these additional neéutral modes
are still subsonic relative to the freestream, they are supeisonic rel-
ative to the local flow velocity within some part of the boundary
layer. Hence, these modes are also irifinite in number. However,
since there is no point where u, = c¢” (a eritical point in the inviscid
theory) for this range of phase speeds, Mack? refers to them as reg-
ular neutral solutions or noninflectional neutral waves.

Other investigators have also indeperndently studied the linear
stability of compressible boundary layers. However, virtually all
of them have focused on perfect-gas flows. Some-exceptions- are
Malik,** Menon et al.,® and Grinstein and Kailasanath.” Malik in-
vestigated the stability of an equilibrium-air boundary layer on an
adiabatic flat plate. Menon et al. studied the spatial inviscid insta- ~
bility of a two-dimensional free shear layer undergoing finite rate
chemical reactions. They assumed an analytic form for the basic
state and modeled the combustion of oxygen and hydrogen. They
concluded that the finite rate reactions had a significant effect on
the stability of the flow, destabilizing it while lowering the phase
speeds of the disturbances. Grinstein and Kailasanath used direct
numerical simulations to study the transitional flow of a two-di-
mensional mixing layer of a hydrogen-nitrogen stream and an oxy-
gen-nitrogen stream that react to produce water vapor. Distur-
bances in the mixing layer were forced by a fluctuating cross-
stream velocity component at the inflow boundary. Finally, some
work involving the stability of chemically reacting flows has also
been done in the former Soviet Union.

Here the stability of viscous disturbances in chemical nonequi-
librium is analyzed and compared with 1) the stability of the flow
assuming that it is in local chemical equilibrium and 2) the stabil-
ity of the flow assuming that it is a perfect gas. '

II. Governing Equations

The stability of a steady, hypersonic, laminar shock layer is gov-
emed by the unsteady Navier-Stokes equations for a chemically
reacting gas. We use a five-component model for dissociated air:
0,, N, NO, N, and O. Only the effects of dissociation are in-
cluded; those of ionization are not. It is also assumed that the time
taken for the different internal energy modes of the mixture (such
as translational, rotational, vibrational, and electronic) to reach a
state of local (pointwise) equilibrium is much shorter than any
characteristic chemical-reaction time or flow-traversal time. The
gas state can then be approximated as one of local thermal equilib-
rium (sometimes this is not a good approximation; for instance, the
vibrational energy may not be in equilibrium behind a strong bow
shock created by a blunt body) and its internal energy can be de-
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scribed by only a single temperature. [In other words, the gas com-
position is essentially frozen during the short time it takes for the
modes of internal energy to reach equilibrium. However, depend-
ing on the rates of the reactions, the gas composition may change
over a time characteristic of the flow (i.e., time taken to convect or
diffuse a characteristic distance).] Finally, the mixture is assumed
to be one of thermally perfect gases so that the specific heats are
functions of temperature only and Dalton’s law of partial pressures
applies.

The coordinate system for both the basic-state and stability anal-
ysis fits the body and bow shock as coordinate lines and is ob-
tained from the following transformation from body-intrinsic
coordinates® (Fig. 1):

t=1 (3a)
x=§ (3b)
{=2 (3c)
y=AE (- sEn. 0 3d)

This makes it easy to accurately enforce the boundary conditions.
In terms of this shock-fitted coordinate system, the Navier-Stokes
equations can be written® '3 as follows:

J J °
;ﬁ@nm‘*' §E(ynE) + gﬁ(—YTU—)’gE*"F—)’gG)

+yH-yR=0 )
where
E=E1—EV (Sa)
F=F,-Fy (5b)
G=G,-Gy (5¢)
H=H1—HV (Sd)
pu
%
2 )4
pu’+
‘; Z VM2
U-=h, pw E, = h, puv
uw
E, P
oG (E,+p)u
! po,u

Meo

Y

Fig.1 Coordinate system and definition of geometry.
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The following constitutive equations are also needed:

nsp

ZG"M ;=1 (mass fractions sum to one) (6a)
i=1

nsp

p= z p; (Dalton’s law of partial pressures) (6b)
i=1

pi=pod (each species is a perfect gas) (6¢)

E,=ph(T)-p+ (1/2)yNMj P2 +1? + w?) (6d)

nsp
WD) = Z ok (1) (6¢)

i=1

The dynamic viscosity and translational thermal conductivity -are
computed using the mixture laws of Brokaw,!* as Yos!> had done.
The internal thermal conductivity is computed using the method
described by Hirschfelder.'®-'8 The species molar fluxes J; are
computed using the multicomponent diffusion model described by
Curtiss and Hirschfelder,'® but only diffusion due to concentration
gradients is included. Diffusion due to pressure and temperature
gradients and body forces is neglected.

The law of mass action is used to compute the molar rate of pro-
duction R; of each species assuming that the following elementary
reactions occur in the flow:

M+0,2 0+0+M (7a)
M+N, @ N+N+M (7v)
M+NO & N+O+M (7c)
N,+0 & NO+N (7d)
O0+NO & N+0O, (7e)

where M represents an actual collision partner (a “third body”) that
exchanges energy in the reaction and hence makes it possible.

The thermophysical and thermochemical data needed for the
analysis have been taken from a variety of sources. See Stuckert?®
for the data and corresponding references.

III. Basic-State Analysis

The basic state is taken to be the solution of the parabolized
Navier-Stokes (PNS) equations.®?1-2* The PNS equations can be
solved by marching in &, Here, the initial conditions are generated
by assuming that the flow is approximately conical®® near the apex
of the sharp cone. The numerical method is based on the three-
point backward-Euler method and the Beam-Warming algo-
rithm.> To eliminate spurious numerical oscillations that may ad-
versely affect the stability analysis, a shock-fitting scheme is also
used. Hence, no artificial dissipation is required for the simple ge-
ometry investigated here because there are no discontinuities em-
bedded in the shock layer. To suppress PNS departure solutions,
the Vigneron technique is used. Finally, a stretching function clus-
ters grid points near the edge of the boundary layer, a location
where the basic state varies rapidly and that also lies in the vicinity
of the critical point of the disturbance solutions at hypersonic
Mach numbers; 481 grid points are used between the body and the
bow shock for both the basic-state and stability analyses.

To help validate the basic-state software, the PNS solution is
compared with that of Prabhu et al.?* The geometry and flight con-
ditions are as follows.

A. Boundary Conditions

The flowfield is created by a 10-deg half-angle sharp cone fly-
ing at 8100 m/s (Mach 25) at an altitude of 60.96 km where the
ambient temperature and pressure are 252.6 K and 2.008 X 10~
atm, respectively. For the reacting-gas cases (local chemical equi-
librium and nonequilibrium), the freestream mole fractions are as-
sumed to be those shown in Table 1.

The surface of the cone is assumed to be at a constant tempera-
ture of 1200 K. This wall temperature is a small fraction (3.7%) of
the stagnation temperature and is slightly less than both the post-
shock temperature and the boundary-layer edge temperature. The
wall is also assumed to be noncatalytic for the nonequilibrium-air
analyses, whereas for the equilibrium-air analyses the mixture is
assumed to be in local chemical equilibrium at the cone’s surface.

The length scale chosen for the computations is Lr.f = 1 m. This
reference length is simply chosen for convenience since the cone is
sharp and may be arbitrarily long. The Reynolds number based on
these freestream conditions and reference length is 1.399 X 10°.

B. Basic-State Results

The flowfield was computed by Prabhu et al.2* except that they
assumed a different freestream gas composition. (The values we
used model the composition of air between sea level and a 90-km
altitude as given in the U.S. Standard Atmosphere®®: 78.084% N,,
20.948% 0O,, 0.934% Ar, 0.0314% CO,, 0.00182% Ne, 0.00052%
He, 0.000114% K, 0.0002% CH, . . ..) They also assumed that all
of the mass diffusion coefficients are the same (binary diffusion
model) with a constant Lewis number equal to 1.4 for each spe-
cies. The reaction rates, transport-property mixture rules, and con-
stituent transport properties are also different. (We have used the
most recent data available. Older viscosity data have been
considered?’ for the last 20 years to be systematically in error at
higher temperatures yet are still used by many in the field of CFD.
Similarly, Ref. 24 used Wilke’s mixture rules,?® which have been
shown to be inaccurate®®® for high-temperature ionized mix-
tures.) Moreover, they did not use a shock-fitting scheme and in-
stead chose to capture the bow shock. This necessitated the use of
artificial viscosity that Tannehill et al.3! state had a significant ef-
fect on the computed mass-fraction profiles. Nevertheless, Figs. 2
and 3 (with y* nondimensionalized by &*) show that the agreement
between the present results and the (digitized) results of Ref. 24 is
quite reasonable.

Comparisons®® (not shown) were also made between the per-
fect-gas, equilibrium-air, and nonequilibrium-air PNS solutions
and also the perfect-gas similarity solution. Both the perfect-gas
PNS solution and the perfect-gas boundary-layer similarity solu-
tion were computed assuming a constant specific heat ¢, = 3.5, a
constant Prandtl number = 0.70, and the Sutherland viscosity law
for air. The perfect-gas PNS solution and the perfect-gas similarity
solution are in excellent agreement throughout the boundary layer.

IV. Linear Stability Analyses

A. Normal-Mode Solutions

The stability analysis is begun by linearizing the complete
Navier-Stokes equations about the laminar shock-layer solution Q,,
for the sharp cone. This yields the linear disturbance equations.
Here they are formulated in terms of the variables @, = U =
Ynha(p, pu, pv, pw, E,, po,)T in the basic-state shock-fitted CO()I‘dl-
nate system. The multiplicative factor y, /5 in the definition of @,
is the Jacobian of the coordinate transformation from Cartesian co-
ordinates to the shock-fitted coordinates.

Approximating the linear disturbance equations as being separa-
ble partial differential equations (the boundary conditions must
also be separable) in T, €, and { (parallel-flow approximation),
they admit normal-mode solutions:

0,=0 ,(Mexp(—int+iak + i) +cc. ®)
where c.c. denotes the complex conjugate, and @, is the complex-

valued amplitude function; @/27 is the complex-valued frequency,
o is the complex-valued wave number in the & direction, and B (for
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Table 1 Freestream mole fractions for reacting-gas cases

Species 0, (0] NO N N,
Mole fraction 0.21 0 0 0 0.79
25 .
20-
15
-
10
5] JI
] ] ~
] // ] >
0 E L o L
0.0 02 04 06 08 1.0 5 10 15 20 25 30

u T

Fig.2 Comparison with Prabhu et al.>* (symbols) of computed (lines)
velocity and temperature profiles for air in chemical nonequilibrium,
x*=35m.
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Fig.3 Comparison with Prabhu et al.2* (symbols) of computed (lines)
atomic-oxygen and nitric-oxide concentration: mixture density ratios
for air in chemical nonequilibrium, x* = 3.5 m.

two-dimensional or axisymmetric basic states) is the real-valued
wave number in the spanwise (two-dimensional) or circumferen-
tial (axisymmetric) direction.

The selection of @ as the disturbance variables helps validate
the approximation that the normal modes are solutions by elimi-
nating many terms in the disturbance equations that would other-
wise make the equations nonseparable. The factor /5 in the defini-
tion of @, accounts for virtually all effects of the transverse
curvature of the cone.?2 The factor y,, also affects the streamwise
growth of @, because of the increasing shock-layer thickness.
Both variations of the Jacobian must be accounted for when com-
puting the spatial growth rate of (p, pu, pv, pw, E,, pc;)! from the
following cone boundary-layer stability results.

The coordinates used for the stability analysis also influence the
approximation that the disturbance equations are separable. This is
because the Navier-Stokes equations are nonlinear and so the lin-
earized equations depend upon the variations of the laminar-flow’
solution. Most of the nonseparable terms that are neglected involve
the derivatives of (p, pu, pv, pw, E,, pc;)T with respect to & How-
ever, since we use the basic-state shock-fitted coordinates, this ap-
proximation is exact in the inviscid limit for then the basic state is
conical. The normal velocity component is not zero in a conical
flow, though, and so is not neglected as it usually is.

B. Boundary Conditions

The basic-state shock-fitted coordinate system also makes it
easier to apply the linearized shock-jump conditions as the distur-
bance boundary conditions. Although Cowley and Hall,*® among
others, have applied similar boundary conditions, no one has yet
used a shock-fitted coordinate system for the stability analysis.
These linearized shock-jump conditions?® allow for a disturbance
in the oblique shock and its slope but are applied at the basic-state
shock location instead of the disturbed shock location.

At the surface of the cone, the velocity and temperature distur-
bances are zero. For the nonequilibrium calculations, the species
mass fluxes are set to zero (noncatalytic wall), whereas for the
equilibrium calculations the disturbances are assumed to be in
chemical equilibrium.

C. Eigenanalysis

Substituting the normal-mode form for the disturbances into the
linear disturbance equations yields a system of homogeneous ordi-
nary differential equations depending upon the three wave parame-
ters o, B, and ®. These homogeneous equations, together with the
homogeneous boundary conditions, represent an eigenvalue prob-
lem for the eigenvector @,,.

For temporally evolving disturbances, o is taken to be real val-
ued, and o is determined as a complex eigenvalue of the linear dis-
turbance equations. This is a linear eigenvalue problem because
only first derivatives of time appear in the linear disturbance equa-
tions.

For spatially evolving flows, o is taken to be real valued, and o
is determined as a complex eigenvalue of the linear disturbance
equations. In this case, the eigenvalue problem is nonlinear be-
cause the viscous terms in the disturbance equations depend upon
second derivatives with respect to &.

The results presented here are from a spatial analysis. To obtain
them, the disturbance equations were discretized with second-
order-accurate finite differences. All of the temporal eigenvalues
of the resulting algebraic system were then found using the QR al-
gorithm (e.g., Ref. 34). Generalized inverse Rayleigh iteration®-%
and the Newton-Raphson method were then used to compute the
eigenvectors and corresponding spatial eigenvalues for the unsta-
ble disturbances.

D. Testing

Some of the testing we have done to validate our calculations
has involved comparisons with flat-plate perfect-gas boundary-
layer stability analyses available in the literature.’” Plotting accu-
racy of the spatial growth rate is typically obtained using 80-100
grid points. We have also completed some reacting-flow stability
analyses at low supersonic Mach numbers to verify that the per-
fect-gas results are obtained for flows in which the chemical reac-
tions are unimportant.

Another test involved a comparison with Malik’s’ perfect-gas
and equilibrium-air stability analyses of a Mach 10 adiabatic flat-
plate boundary layer. Our results (assuming normal modes for U,
not ; making the parallel-flow approximation; and imposing ho-
mogeneous boundary conditions at the shock) are compared with
Malik’s in Fig. 4.

The top panel of Fig. 4 compares our computed spatial growth
rate with Malik’s, assuming air to be thermally and calorically (y=
1.4) perfect. We used both the Blasius solution (solid line) and the
PNS solution (dashed line) for the boundary layer. Malik (sym-
bols) does not state how he computed the boundary layer, but we
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Fig. 4 Spatial growth rates of disturbances in a Mach 10 adiabatic
flat-plate boundary-layer flow of a perfect gas (top panel) and reacting
gas (bottom panel). Top panel: a) PNS basic state, b) similarity solu-
tion, and ¢) Malik’s® results. Bottom panel: a) perfect-gas PNS, b) PNS
nonequilibrium, ¢) PNS equilibrium, and d) Malik’ (equilibriam).

presume he used the Blasius solution. The PNS solution was ob-
tained using 121 points in the wall-normal direction between the
plate and the shock induced by the displacement effects of the
boundary layer. As can be seen, all of the results are in very good
agreement. In addition to validating our stability code, these re-
sults also demonstrate the suitability of our PNS solutions for sta-
bility analyses.

The lower panel in Fig. 4 compares our computed spatial growth
rates with Malik’s equilibrium-air results. All of our results shown
use the PNS solution, either for a perfect gas (long dashed line),
equilibrium air (short dashed line), or nonequilibrium air (solid
line). Here our equilibrium- and nonequilibrium-air solutions
agree very well, indicating that the approximation of local chemi-
cal equilibrium is a reasonable one. Our results also agree fairly
well with Malik’s® (symbols) but indicate that the most unstable
disturbance has a slightly smaller growth rate and occurs at a lower
frequency. Malik® does not state how he computed the equilib-
rium-air boundary layer, or what transport properties and thermo-
dynamic data he used, and so it is difficult for us to comment on
these differences. In any case, as seen in Fig. 4, the most unstable
disturbance is shifted to a lower frequency in the equilibrium and
nonequilibrium flows relative to the higher frequency in the per-
fect-gas case. This was noted by Malik® and is confirmed here. An
explanation for this shift is offered later.

E. Results

Here we present our stability analyses of the laminar shock layer
on the Mach 25, 10-deg sharp cone for three different approxima-
tions of the thermochemistry: perfect gas, equilibrium air, and
nonequilibrium, air. Since the inclusion of the nonequilibrium
chemistry is what makes this work unique, most of the results pre-
sented here are for the nonequilibrium shock layer. Data at one sta-
tion on the cone, ,\/R_ex = 1022.3, are presented. Complete results
for all of the different cases at different frequencies, spanwise
wave numbers, and stations can be found in Ref. 20.

As Mack?? has shown for a perfect gas, there are multiple fami-
lies of unstable modes. Here, a family is defined as the locus of
eigenvalues o traced out as the parameters ® and B are varied. The
panels of Fig. 5 show the different spatial growth rates —o; for

three different unstable families of perfect-gas (short dashed line),
equilibrium-air (solid line) and nonequilibrium-air (long dashed
line) solutions as functions of ® for five different values of B: 0
(top row), 10, 20, 30, and 40 (bottom row). The left column shows
the first family, the middle column the second family, and the right
column the third family.

Figures 6~9 show some of the f§ = 0 eigenvectors, normalized by
the value of the disturbance density at the surface of the cone. The
bow shock is located at the largest plotted value of y. (Here, y* has
been nondimensionalized by &*.)

The first family of disturbances (Fig. 5) with frequency 0 < @/
A/R_ex X 10® < 150 (approximately) has features characteristic of
Mack’s first mode and correspond to the Tollmien-Schlichting
_waves in an incompressible boundary layer.> As Mack?3 and oth-
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different azimuthal wave numbers: first row, B = 0; second row, B =
10; third row, f = 20; fourth row, B = 30; and fifth row, B = 40.
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ers have shown, these modes for compressible flow are most un-
stable when they are oblique (3 nonzero). Our results (Fig. 5) are
consistent with this. Figure 5 also shows that, whereas the perfect-
air and nonequilibrium-air results are comparable for all spanwise
wave numbers, the first modes of the first family of equilibrium-air
solutions are much more stable than both the perfect-gas and non-
equilibrium-air solutions at the higher spanwise wave numbers.
For these modes, the approximation of local chemical equilibrium
is clearly not good.

An eigenvector corresponding to one of the first-mode nonequi-
librium-air solutions is shown in Figs. 6 and 7. It corresponds to
the solution at the lowest-frequency (w/ A/R_ex % 105 = 151) local
maximum in the growth rate of the first family shown in Fig. 5.
The low-pressure phase change (much less than 180 deg, see
Fig. 6) across the boundary layer identifies the mode as a first
mode. This mode is outgoing because the phase of the disturbance
pressure decreases with y in the inviscid region of the shock layer.
Its phase speed is 0.91U... Alternatively, since the edge velocity is
0.98U.,, its phase speed is 0.93U,,. Since the edge Mach number is
10.6, the mode is subsonic relative to the boundary-layer edge ve-
locity. The critical point where the phase speed of the mode equals
the flow velocity is at y = 4.6. Note the zero in the magnitude and
180-deg phase shift in the disturbance of the wall-normal mass
flux at the critical point (Fig. 6). Also note that the phase in the
wall-normal disturbance mass flux is 90 deg and is virtually con-
stant between the wall and the critical point.

The wall-normal mass-flux phase of 90 deg at the wall is to be
expected from the equation of conservation of mixture mass evalu-
ated at the surface: —iwp + d(pv)/dy = 0. Since the eigenvector has
been normalized such that p = 1 at the surface, and since ®, >> ;,
the phase of d(pv)/dy is almost 90 deg different than the phase of p
at the surface. Since the derivative of the phase at the surface is
virtually zero (Fig. 6), the phase of d(pv)/dy = the phase of pv = 90
deg at the surface.

Figure 7 shows the disturbances in the molecular and atomic-
oxygen concentrations for the first mode of the first family of non-
equilibrium-air solutions. Note that the magnitude of the distur-
bance in the atomic-oxygen concentration is zero outside of the
concentration boundary layer where the mean-flow atomic-oxygen
concentration is zero. (The disturbance phase is arbitrary when the
magnitude is zero and so is simply set to a constant between the
edge of the concentration boundary layer and the bow shock.) This
is to be expected because the concentration must be a positive def-
inite quantity; it cannot oscillate with a nonzero magnitude about a
zero basic-state value. Similarly, the disturbances in the concentra-
tions of NO and N (not shown) are also zero in the inviscid region
of the shock layer. These features are present in all of the nonequi-
librium- and equilibrium-air eigenvectors, and their consistency
with the rest of the analysis helps to validate our results..

At frequencies in the range 150 < ®/, A/ITeZ X 10% < 400, the
first family (left column) of solutions shown in Fig. 5 are charac-
teristic of Mack®s second mode. These second-mode disturbances
are most unstable when they are axisymmetric (or two dimen-
sional®?).

Figure 8 shows the nonequilibrium-air eigenvector for the most
amplified first-family second-mode axisymmetric solution (w/
A/ﬁ%{ X 10% = 209). The pressure phase change (127 deg) across
the boundary layer is what identifies it as Mack’s second mode. It
is a subsonic, outgoing mode with phase speed 0.91U., or 0.93U,.
The critical point is at y = 4.6. Although the magnitude of the wall-
normal mass-flux disturbance is no longer zero at the critical point,
it exhibits a local minimum there. Also, the disturbance pv
changes phase across the critical layer by 100 deg. As with all of
the modes, the disturbance pv phase at the wall = ~270 deg (90 deg
modulo 360 deg). However, in contrast to the longer-wavelength
first-mode disturbances of all three families, the magnitude of the
second-mode disturbance pressure behind the shock is virtually
zero (0.5% of maximum). Similarly, the disturbance pv behind the
shock is also much smaller (1.9% of maximum).

Although the maximum amplification rate of the first-family
second mode is comparable for perfect gas, equilibrium air, and
nonequilibrium air, the frequency at which the maximum occurs in
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the reacting-gas cases is lower than in the perfect-gas case. This is
also evident in the results’ for the second- and third-mode’ solu-
tions for the Mach 10 adiabatic flat-plate boundary layer (Fig. 4).
The second mode likely shifts to lower frequencies because the
region of relative supersonic flow [the region of flow within the
boundary layer where either the flow is traveling supersonically
relative to the disturbance or the disturbance is traveling superson-
ically relative to the flow (i.e., typically at the body surface within
the cooler, denser, reacting-gas boundary layers is larger due to the
lower local sound speed. This is clear if one considers Mack’s® ap-
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proximate expression for the neutral wave numbers of an inviscid
disturbance in a parallel perfect-gas boundary layer:

T

j o1 dy

0

©)

Ols(n+ 1y — Oy =

where y, is the location of the relative sonic point and M? is the
square of the relative Mach number of the flow. (A related expres-
sion obtained by Mack estimates the magnitudes of the neutral
eigenvalues themselves. Mack? states, however, that it is not very
accurate for this purpose even though it leads to the expression just
given, which is accurate in many circumstances.) The integral ap-
pearing in the denominator has been evaluated using the phase
speeds equal to the velocity at the generalized inflection points of
the corresponding shock layers (i.e., perfect gas, equilibrium air,
and nonequilibrium air). The results are shown in Table 2. Al-
though the perfect-gas and nonequilibrium-air mean flows have
very similar generalized inflection profiles?® and the generalized
inflection points occur at almost the same locations, the value of
the integral appearing in the preceding equation is much larger in
the nonequilibrium-air case. In the equilibrium-air case, there are
not any generalized inflection points within the boundary layer.
There does appear to be one within the inviscid region of the shock
layer although it is difficult to resolve numerically because of the
very small gradients there relative to those in the boundary layer.
In any case, one should remember that the preceding simple ex-
pression is for perfect-gas flows only and does not in any way take
into account the effects of chemical reactions.

In addition to the fact that the second mode of the first family of
equilibrium-air solutions occurs at a lower frequency, the growth
rate curve for the first family of equilibrium-air solutions also has
multiple local maxima in the frequency range 200 < @/ A/R_ex
% 10° < 300 that are not present in the perfect-gas or nonequilib-
rium-air results. The equilibrium-air modes at the local maxima
have phase speeds supersonic relative to the boundary-layer edge
velocity, whereas in the perfect-gas and nonequilibrium-air flows
these modes are relatively subsonic at the same frequencies.

Figure 9 shows an equilibrium-air solution at one of these local
maxima. Again, this solution has phase speed supersonic relative
to the boundary-layer edge velocity. The phase of the disturbance
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equilibrium-air solutions; o = (0.235, —0.00812), B = 0, » = 0.124, and
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Table 2 Location of generalized inflection points and value of
wave number spacing integral for different models of the flow

01 M -1 dy

y at generalized

Model inflection point

PNS perfect gas 2.96844 4.02162
Perfect-gas similarity solution 3.03166 4.14553
PNS nonequilibrium air 3.03101 - 4.86724
PNS equilibrium air — —_—
PNS perfect gas 4.39413 7:42266
Perfect-gas similarity solution 4.29631 716719
PNS nonequilibrium air 4.20865 8.2549
PNS equilibrium air _— e
PNS perfect gas 17.0357 9.69725
Perfect-gas similarity solution N/A N/A
PNS nonequilibrium air 16.6718 11.3631
PNS equilibrium air 13.2963 11.1159

pressure in the inviscid region of the shock layer also indicates that
this solution is still outgoing. However, because it is supersonic, it
interacts very strongly with the shock. '

Figure 9 also shows that the magnitudes of the disturbance pres-
sure and wall-normal mass flux are oscillatory in y in the inviscid
region of the shock layer. Such oscillatory solutions (at least neu-
tral ones) can be expected for inviscid disturbances traveling su-
personically relative to the inviscid region of the shock layer on a
flat plate. Consider for a perfect gas the equation governing the
amplitude function p, for the disturbance pressure®?: .

p,- llog (M"Y - p,~o’(1-M)p, =0 (10

where * denotes differentiation with respect to' y and M is the
Mach number of the disturbance phase speed relative to the mean
flow:

M = (u—C)Me o 11

JT

Here ¢ = ofa, M, is the Mach number at the boundary-layer edge,
and the temperature and all velocities have been nondimensional-
ized by the boundary-layer edge temperature and speed, respec-
tively.

In the inviscid region of the shock layer, u = 1 and T = 1. In this
region of the flow, Eq. (10) becomes

py-o’(1-M% - p, =0 ()
which has solutions of the form
P, = ;9 +az¢2 : (13)

where a; and g, are real numbers and

¢r = eXP{‘ %[ﬂ&u -] (sin 9) y} |

X exp {%[WJ (cos ¢}y + i(-)',} | k (142)
9 = exp{%Ul?(l——Mz)l] (sin ¢>y}

X exp {- %[m] (cos ¢) y + iez} (14b)
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Also, l03(1 — M?)l is the magnitude and ¢ is the phase of the com-
12}% number o(1 — M?); 0, and O, are real numbers, and i =

—-1.

One of the two solutions ¢, and ¢, grows, whereas the other de-
cays exponentially with respect to y. Classical boundary-layer sta-
bility theory takes 0 < y < o. In this case, the solution (13) will
only be bounded as y — o if the coefficient, either a, or a,, of the
exponentially growing solution is zero. Which of the solutions @,
and ¢, grows and which decays exponentially depends on the sign
of sin ¢. _

Since ¢ is the phase of the complex number o®(1 — M 2y, sin ¢
will have the same sign as the imaginary part of (1 — M?):

2 2 2
o’ (1-M? = %Mj_az (152)
(ozf—ociz)uz—co2 s P
= M (ol-0a)
T
M2
+ 2i(x,oci( TMZ - 1) (15b)

The sign of sin ¢ is thus the same as the sign of a,.o,[(W/T)M 3 -
1]. Outside of the boundary layer, u = 1 and T = 1, and so sign(sin
) = signfa,0,(M 3 — 1)]. For supersonic boundary layers, M, > 1,
and so sign(sin ¢) = sign(o,.o;). Finally, since ¢, is almost always
greater than zero, sign(sin ¢) = sign(o;). Hence, as shown by
Mack,? in classical boundary-layer stability theory, only amplified
outgoing disturbances (a; = 0) and damped incoming ones (a, = 0)
satisfy the boundary conditions in the limit y — oo.

In the bounded domain 0 <y < A, however, both solutions @,
and ¢, are admissible. That a solution with nonzero @, and a, ex-
hibits oscillations with y in its magnitude can be seen by comput-
ing the square of the magnitude:

Ipd’ = é?exp{—ﬂ/laz (1-M3|] (sin ) y}
+ aiexp {_[A”az (1-M? |:| (sin ¢) y}

+2a,a, cos{[ |a2(1—172)|] (cos ¢)y+91-02} (16)

If either a; or a, is zero, then the magnitude will decay exponen-
tially with y; otherwise, it will oscillate with y. The wavelength of
the magnitude of the oscillations in y for the mode shown in Fig. 9
calculated from Eq. (16) is approximately 2.7. However, the actual
wavelength shown in the figure appears to be slightly longer. The
analysis presented here is for a parallel flow of an inviscid perfect
gas, though, whereas the computed solution is for a viscous, equi-
librium-air flow over a cone.

In conclusion, the oscillation with y of the disturbance pressure
magnitude is evidence that the eigenvector shown in Fig. 9 is the
sum of an incoming and an outgoing disturbance. These oscilla-
tions occur only because the shock-layer thickness is finite. This
eigenvector is not one of Mack’s “conventional” higher modes be-
cause the phase change of the disturbance pressure across the
boundary layer remains about —150 deg. In this region, the distur-
bance still exhibits second-mode behavior.

Returning to Fig. 5, one can see that, although the character of
the first family of solutions depends significantly on the proper
modeling of the chemical reactions, the growth rates of the second
and third families of perfect-air, equilibrium-air, and nonequilib-
rium-air solutions are all very similar. Both the second and third
families have phase speeds subsonic relative to the boundary-layer
edge velocity, but the third-family phase speeds are greater than
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pressure (left) and wall-normal mass flux (right). First family of non-

equilibrium-air solutions; o = (0.364, —0.00415), B = 0, ® = 0.279, and
Re, =1022.3.

the edge velocity whereas the second-family phase speeds are less
than the edge velocity. The third family thus consists of Mack’s>3
regular solutions for which there is no critical layer where the
phase speed and mean-flow velocity are equal. Finally, the lowest-
frequency disturbances (@/ A/Eevx X 106 < 50) in these families are
most unstable when they are oblique, but the higher-frequency
modes areé most unstable when they are axisymmetric. Eigenvec-
tors for the second and third families are shown in Stuckert.?? They
clearly show that the first mode disturbances are not zero at the
bow shock.

V. Conclusions

Tt is clear that the equilibrium and nonequilibrium solutions can
differ significantly depending on the rates of the reactions relative
to the time scales of convection and diffusion. In particular, the
equilibrium solutions shown here exhibited supersonic modes,
each of which is a superposition of incoming and outgoing ampli-
fied solutions in the inviscid region of the shock layer. No similar
solutions were found for the nonequilibrium shock layer. The mag-
nitudes of these modes oscillate with y in the inviscid region of the
shock layer. This behavior is possible only because the shock layer
has a finite thickness. They are also unlike Mack’s higher modes
(except for the second) in that the disturbance-pressure phase for
all of these supersonic modes changes most across the inviscid re-
gion of the shock layer. [The disturbance-pressure phase change
for Mack’s higher modes occurs across the viscous region of the
flow (i.e., the boundary layer).] In fact, the disturbance-pressure
phase change for all of these supersonic modes through the bound-
ary layer is comparable to that of Mack’s second mode.

Another effect of the chemical reactions is to increase the size of
the region of relative supersonic flow primarily by reducing the
temperature in the boundary layer through endothermic reactions,
increasing the density, and hence increasing the speed of sound
and local relative Mach numbers. This reduces the frequency of
the higher modes; in particular, the most unstable one—the second
mode. The higher modes in the reacting-gas cases are also more
unstable relative to the corresponding perfect-gas modes. The first
modes are, however, more stable.

Finally, the finite thickness of the shock layer has a significant
effect on the first-mode solutions of all of the families. The effect
on higher-mode, higher-frequency solutions does not seem to be as
large as long as they are subsonic. This is perhaps what one would
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intuitively expect because the shock is likely “stiff” and hence dif-
ficult to perturb with smaller wavelength, larger wave number,
higher frequency disturbances. However, the nonparallel effects
are known to be large for first-mode solutions, and so a complete
quantitative description of the effects of the finite shock-layer
thickness awaits either a parabolized stability equations solution or
a direct Navier-Stokes analysis.
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